Generalized Fiducial Inference (GFI) is motivated by R.A. Fisher's approach of obtaining posteriorlike distributions when there is no prior information available for the unknown parameter. Without the use of Bayes' theorem GFI proposes a distribution on the parameter space using a technique called increasing precision asymptotics [23] . In this article we analyzed the regularity conditions under which the Generalized Fiducial Distribution (GFD) will be first and second order exact in a frequentist sense. We used a modification of an ingenious technique named "Shrinkage method" [7] , which has been extensively used in the probability matching prior contexts, to find the higher order expansion of the frequentist coverage of Fiducial quantile. We identified when the higher order terms of one-sided coverage of Fiducial quantile will vanish and derived a workable recipe for obtaining such GFDs. These ideas are demonstrated on several examples.
Introduction
The philosophy of Generalized Fiducial Inference evolved from R.A. Fisher's fiducial argument. Fisher couldn't accept the Bayes/Laplace postulate for the non-informative prior. He argued "Not knowing the chance of mutually exclusive events and knowing the chance to be equal are two quite different states of knowledge" [33] .
Fisher only approved the usage of Bayes' theorem for the case of informative priors since imposing any measure on the parameter space is contrary to "no-information" assumption. But Fisher's proposal created some serious controversies once his contemporaries realized that this approach often led to procedures that were not exact in frequentist sense and did not possess other properties claimed by Fisher. In a complete manner [22] gives a list of all references regarding this and subsequent Fiducial approaches.
Much after Fisher, in context of generalized confidence interval Tsui, Weerahandi [35, 37] suggested a new approach for constructing hypothesis testing using the concept of generalized P-values. Hannig et al [24] made a direct connection between fiducial intervals and generalized confidence intervals and proved asymptotic frequentist correctness of such intervals. These ideas took a general shape in [22] through applications in various parametric model formulations which is now termed as Generalized Fiducial Inference (in short GFI). From Fisher [12, 13] one of the goals of Fiducial inference had been to formulate a clear and definite principle that would guide a statistician to a unique fiducial distribution. GFI does not have such aim and is quite different from that perspective. It treats the techniques as a tool in order to propose a distribution on the parameter space when no prior information is available and uses this distribution to propose useful statistical procedures for uncertainty quantification like an approximate confidence interval, etc.
In last decades there had been a surge of parallel endeavors in modern modifications of fiducial inference. These approaches are well known under a common name: "distributional inference" or fusion learning. Main emphasis for these approaches was defining inferentially meaningful probability statements about subsets of the parameter space without the need for subjective prior information. They include the "Dempster Shafer theory" (Dempster, [10] ; Edlefsen, Liu and Dempster, [11] ) and inferential models (Martin, Zhang and Liu [29] ; Zhang and Liu [40] ; Martin and Liu [27, 26, 28] ). There is another rigorous framework available called Objective Bayesian inference that aims at finding nonsubjective model based priors. An example of a recent breakthrough in this area is the modern development of reference priors (Berger, [3] ; Berger and Sun [6] ; Berger, Bernardo and Sun [4, 5] ; Bayarri et al. [2] ). Another related approach is based on higher order likelihood expansions and implied data dependent priors (Fraser, Fraser and Staicu[14] ; Fraser [15, 16] ; Fraser and Naderi [17] ; Fraser et al. [18] ; Fraser, Reid and Wong [19] ). A different frequentist approach namely confidence distributions looks at the problem of obtaining an inferentially meaningful distribution on the parameter space (Xie and Singh [39] ). Recently, Taraldsen and Lindqvist [34] show how some simple fiducial distributions that are not Bayesian posteriors naturally arises within the decision theoretical framework.
Arguably, Generalized Fiducial Inference has been on the forefront of the modern fiducial revival. The strengths and limitations of the fiducial approach are starting to be better understood; see especially Hannig [22, 23] . In particular, the asymptotic exactness of fiducial confidence sets, under fairly general conditions, was established in Hannig [23] ; Hannig, Iyer and Patterson [24] ; Sonderegger and Hannig [32] .
Main aim of this article is to further study exactness property of the Fiducial quantile in frequentist sense for uni-parameter cases with exploration of higher order asymptotics. From a different point of view it can be seen as a prudent way of selecting a data generating equation (to be defined shortly) so that the nonuniqueness issue of proposing Generalized Fiducial Distribution (in short GFD) can be reduced partially. We start with with the definition of GFD.
Denote the parameter space by Θ. Let the data X be a S valued random variable. GFD starts by expressing a relationship between the parameter and the data through a deterministic function G : M × Θ → S which we call data generating equation (in short DGE): X = G(U, θ).
(1.1)
Here U is a M valued random variable whose distribution doesn't depend on θ. The distribution of the data X is determined by U via (1.1). That is one can generate X by generating U and plugging it into the data generating equation.
For example for one sample of N (θ, 1) the DGE is
where Φ(.) cumulative Normal distribution function and U ∼ U (0, 1). One can always find (1.1) by following construction. For a realization x 0 := (x 1 , x 2 , . . . x n ) of X where X ∼ F θ (.) for F θ being a distribution function on R n with θ ∈ Θ being the unknown parameter denote the conditonal distributions of first, second and n-th co-ordinate (sequentially given the rest) by F θ,X1 (·), F θ,X2|X1 (·), and F θ,Xn|(X1,X2,...,Xn−1) (·) respectively. Then (1.1) can be written as
x n = F −1 θ,Xn {(X1,X2,...,Xn−1)=(x1,x2,...xn−1)} (U n ) (1.2) where (U 1 , U 2 , . . . , U n ) iid copies of Uniform (0, 1) random variables. Note that in the above illustration changing the order of the variables (X 1 , . . . , X n ) could give different data generating equations.
After observing x 0 , given U, define the inverse image Q x0 (U ) as Q x0 (U ) := {θ : G(U, θ) = x 0 }.
Fiducial approach instructs us to deduce a distribution for θ from the randomness of U and the DGE via the inverse image Q x0 (U ), i.e., generate an independent copy U and invert the structural equation solving for θ = Q x0 (U ) to obtain a random estimator of the parameter. Now in order to remove the possibility of non-existence of solution for some U * , we will discard such values, i.e, condition the distribution of U given the fact the solution always exists, i.e Q x0 (U ) = ∅. Consequently, the Fiducial distribution of θ given observed x 0 should be heuristically (hence ill defined) the following conditional distribution
Immediately three relevant questions arise regarding the non-uniquenesses of Generalized Fiducial distribution (1.3):
• The choice among multiple solutions: It arises if the inverse image Q x0 (U * ) has more than one element for U * and observed x 0 . This problems mainly occur in discrete distributions which we did not consider in this article (see [23] ).
• Borel Paradox: Another important problem regarding computing the conditional probability in (1.3) arises when the conditioning event {Q x0 (U * ) = ∅} has probability 0. For example, suppose one observes X = x 0 := (x 1 , . . . , x n ) from the location normal model with the data generating equation X = θ + U n×1 where U ∼ N n (0, I n ). The inverse image Q x0 (U * ) = (x 1 − U and the set {Q x0 (U * ) = ∅} has probability 0 (an n − 1 dimensional hyperplane in the n dimensional Euclidean space). In that case the conditional probability distribution may not remain unique which in literature is termed as the Borel paradox.
This problem can also be remedied by defining the GFD as the distribution of the weak limit of the following quantity (in the display) conditioned on the event inf
Let's assume that for each fixed θ ∈ Θ the function G(·, θ) is one-to-one and continuously differentiable denoting the inverse by G −1 (x, θ). If we use L ∞ norm as · in the definition of (1.4), from Theorem 3.1 of [23] it follows that the unique weak limit is a distribution on Θ with density 5) where in the one parameter (p = 1) case, the Jacobian becomes
In what follows by Fiducial distribution (or density) we will mean the distribution(or density) of θ defined in (1.4) . Denote the probability distribution on Θ induced by the data generating equation G in (1.1) by P G (·) whose density is (1.5).
As an example let X be a sample of n iid observations from Scaled Normal family N (µ, µ q ), µ > 0 with q > 0 known. The simplest data generating equation comes from the relation X = G(U, θ) := µ + µ q 2 U, where U = (U 1 , U 2 , . . . , U n ) is an array of n i.i.d N (0, 1) random variables. Since the derivative of the ith
, the Jacobian in (1.6) simplifies to
with the corresponding GFD specified in (1.5).
In context of non-informative prior for any one-to-one function φ(.), inference of θ given X and inference of φ(θ) given X should not be different since the ideal non-informative prior should not impose any extra information on Θ [33] . Just like Posterior distribution of Jeffrey's prior, Generalized Fiducial distribution of θ as defined in (1.4) exhibits this parametrization invariance property.
The Choice of Structural Equations
While the GFD is invariant to re-parametrization, it is not invariant to changes in the data generating equation. We illustrate this issue on the following example:
Let X = (X 1 , . . . , X n ) be n iid realizations from a distribution with density f (· θ) parametrized by one dimensional parameter θ ∈ R and consider DGE X = G(U, θ). Suppose T (·) is absolutely continuous, one to one transformation and denote the derivative w(x) = T (x). Now considering the transformed data
. Then (1.5) implies that the density of fiducial distribution of θ based on the transformed DGE for y is
.
(1.9)
Note that (1.8) differs from (1.5) computed based on the original DGE only in the form of the Jacobian function (1.9). In particular (1.9) has an extra weight factor w(x i ) absent in (1.6). Intuitively fiducial distribution changes due to the deformation of the neighborhoods of the data x through the transformation T and the consequent change in the shape of the conditioning event inf
If the DGE for each individual X i , i = 1, . . . , n is the inverse cdf
We conclude that smooth and one-one transformations of the original DGE results in introduction of a weight w(·) in the Jacobian function. The question of interest is, what is an "ideal" transformation T (·) for which the Fiducial distribution enjoys some "desirable" properties. In particular we will consider DGEdesirable if it has some good frequentist properties.
In what follows we first give an ideal recipe for a special case when some strong monotonicity conditions are satisfied. In the absence of those conditions, we study quality of the GFD through higher order asymptotics. The main goal of this article is to obtain transformation T (·) so that the data generating equation "T (X) = T • G(U, θ)" will give a first order probability matching Fiducial distribution (to be defined in (3.1)). We will conclude with some examples for which we derive higher order matching fiducial distribution and study its properties using small sample situations.
Why Fisher Might Have Thought Fiducial Distribution Exact and Unique?
Fisher [12] developed the Fiducial idea in conjunction with the concept on the minimal sufficient statistics. Using the same motivation we state the following theorem considering GFD based on S = G S (U, θ) the data generating equation for a one dimensional statistics S.
Denote the distribution function of S by F S (s, θ), the inverse image of the DGE by Q s (u) = {θ : s = G S (u, θ)} and an independent copy of U by U . The GFD as defined in (1.4) is the conditional distribution
In this simplest of settings we typically observe that the P (Q s (U) = ∅) = 1 in which case GFD is the unconditional distribution of Q s (U ) Theorem 2.1. Let us assume that 1) for all u, the function G S (u, θ) is non-decreasing in θ and 2) for all u and θ we have Q(s, u) = ∅. Then the inverse image Q(s, u) is an interval with bounds
. Additionally, for any s 0 and θ 0 we have
If additionally 3) for all θ 0 and s 0 the
(U ) with probability 1, and
Proof of Theorem 2.1. The fact that Q(s, u) is an interval follows by monotonicity. Consider an iid sample U 1 , . . . , U n . By SLLN we have
where the second equality follows from monotonicity of G S . The result follows by taking a limit. (Notice that the distribution function F S (s, θ) is non-increasing in θ.) Similarly
The rest of the proof follows by simple comparison.
Remark 2.2. To understand the main message of Theorem 2.1 assume 1) and 2) and denote by C
Notice that the coverage is guaranteed to be either exact or conservative.
If additionally 3) is satisfied, then the coverage of the one sided confidence bounds is exact (not conservative). We will say that in this case the GFD is exact.
Finally we remark that Theorem 2.1 also implies that the GFD is the same for all possible DGEs satisfying 1) and 2).
Remark 2.3. If G S (u, θ) is non-increasing in θ then a similar theorem can be proved by a simple reparametrization. Now we will generalize Theorem 2.1 beyond the existence of 1-dimensional sufficient statistics under the following assumption: Assumption 2.4. Let us consider a data generating equation X = G(U, θ). Assume that there exists a one-one C 1 transformation (S(X), A(X)) of n dimensional X, such that S(X) is one dimensional and A(X) is an (n − 1) dimensional vector of ancillary statistics (more precisely the function A(G(U, θ)) is invariant in θ).
After the transformation (S, A) on the initial data generating equation X = G(U, θ), the new one can be written as 
Examples
In this section we consider a few simple examples of one-parameter problems. The first two are examples that satisfy conditions of Corollary 2.4 and therefore lead to exact GFD. The other two examples do not satisfy these conditions and we need a way of selecting between the different potential DGEs.
(A) Location family:
. . , n where U i are iid. The following one-one transformation
is one-one and A is ancillary. By Corollarry 2.5 the GFD based on S(X) | A(X) is exact. Moreover, the Jacobian J n (s, θ) ∝ 1 and the GFD is the same as posterior for Jeffreys prior.
Scale family Let X i = θU i , i = 1, . . . , n where U i > 0 are iid. SetX n as the geometric mean of X and notice that the one-to-one
again satisfies Assumption 2.4. Consequently, the fiducial distribution based onX n conditional on A 1 (X) is exact. Again, the Jacobian J n (s, θ) ∝ θ −1 and the GFD is the same as posterior for Jeffreys prior.
For a concrete examples, models U (θ, θ + 1), Cauchy with unknown location parameter µ and known scale, or Cauchy with scale parameter σ and known location that do not have a one dimensional sufficient statistic still all have exact GFD.
(B) Exponential Family: Let X = (X 1 , . . . , X n ) be i.i.d. sample from an natural exponential family with one parameter η; f
is complete sufficient statistics it isi ndependent of any ancillary statistics by Basu's Theorem [8] . Thus we can base our inference only on S(X) using directly Theorem 2.1.
To this end, let us assume the inverse distribution function DGE X i = F −1 (U i , η) and assume S(x) is a smooth one-to-one function on the domain of X. The verify the monotonicity condition of Theorem 2.1 we need to verify that for each x the distribution function F X (x, η) is monotone onto (0, 1) function of η. For more detailed discussion of propertied of GFD for exponential family consult [36] .
If X is continuous the density of the fiducial distribution is given by (1.10) with w(x) = S (x) and
which should not alter its sign for every x, η.
As an example consider the Gamma(θ, 1), i.e., f θ (x) =
The statistic S(X) = log X is smooth and one-one. The distribution function is incomplete Gamma function which, for each x, is a function decreasing in θ onto (0, 1). Thus the GFD is exact. Notice that the weight function in (1.10) is w(x) = x −1 . As opposed to the location and scale parameter model discussed above, the GFD for Gamma distribution does not coincide with a Bayesian posterior for any prior.
(C) Scaled normal family N (µ, µ q ), µ > 0 with q > 0 known. When q = 2 the model is a scale family model of Example (A) and GFD is exact. For q = 2, the assumption of Corollary 2.5 will not hold. There are several DGE one can consider for this model.
For sample size n > 1, we considered the fiducial distribution based on the simplest data generating equation in (1.7). Two more choices are based on transformations of the two dimensional minimal sufficient statistics:
. The corresponding Jacobians are
. This model has been first proposed by Basu [1] as an example of a distribution without maximal ancillary statistic. Here we consider three potential data generating equations:
The simplest symmetric data generating equation models the data directly
where Z i , W i , i = 1, . . . n are iid N (0, 1) and B is a single independent Bernoulli(1/2). The Jacobian for this DGE is
We also construct data generating equations based on transformations of the minimal sufficient statistics. Denote
n /n . This allows us to form DGEs
with corresponding Jacobians
We discuss a way of selecting between the generating equation in Examples (C) and (D) in the next section.
Probability Matching Data Generating Equation:
We define G s as the Probability Matching Data Generating Equation of order s ∈ N if We plan to guide our choice of DGE based on the frequentist coverage in (3.1). The reason for this is that the higher s is the better the well one sided quantile of GFD behaves asymptotically in frequentist sense. This choice has been motivated by probability matching priors in non-subjective bayesian paradigm. [21, 33, 38] . In fact one criteria for judging a quality of a non-informative prior is the frequentist coverage of (1 − α)th posterior regions. An ideal non-informative prior should match all order terms at the true parameter value but constructing is often impossible. In GFI, the challenge translates into finding the data generating equation for which the fiducial quantile has the exact ideal coverage (i.e least influence on the parameter space). Similar to Bayesian paradigm achieving exactness is often impossible (but see Corollary 2.4). Finding DGE that has either first or second order matching quantiles is a more generally achievable goal.
In one parameter models it is well-known that when regularity conditions are satisfied, Jeffreys prior is the only non-data dependent prior with posterior that is first order matching [9, 38] . Notice that because the Jacobian function (1.9) is data dependent, GFD can still be second order matching even though Jeffreys prior is only rarely second order matching.
Main Results
In this section we present the main theoretical contribution of this paper, Theorem 3.1. The detailed statement of the assumptions are listed in Appendix A.
Assumption A.1 is a standard set of conditions to ensure a valid higher order likelihood expansion of the loglikelihood L n (θ) :
. Assumptions A.2 is commonly used to control the tail behavior of the log-likelihood and GFD [23] .
Assumption A.3 controls the behavior of Jacobian J n (X, θ) as n → ∞. For example, it assumes the locally uniform (in θ on a neighborhood of θ 0 ) convergence of
where
are the derivatives of the Jacobian function and its limit. Finally, Assumption A.4 is needed for the regularity of the second order term and is not necessary if only first order expansion was needed. For example it assumes the existence of
whereθ is the MLE of θ.
Let φ(z) and z α be the density and (1 − α)-th quantile of Normal distribution. Denote the Fisher information as I θ and define m 3 (θ) = E θ ∂ 3 ∂θ 3 log f (X, θ) . Now we will state the main result for first and second order terms in expansion of the coverage of one sided fiducial intervals. 
Corollary 3.2. Under Assumptions A.1,A.2,A.3 with m = 1, G 1 will be the first order Probability Matching
Under Assumptions A.1,A.2,A.3,A.4 with m = 2, G 2 will be the second order Probability Matching if
The detailed proofs are in Appendix B. Broadly speaking our proof follows a similar approach as in the Bayesian probability matching literature [20, Chapter 5] . In contrast to the Bayesian literature [9] the main difference is due to the form of the data dependent Jacobian J n (X, θ). This is caused by the presence of the extra terms in the expansion of the Jacobian function J n (X, θ). These new challenges demonstrate themselves especially in the proof of Lemma B.1.
Recipe For Creating Higher Order Probability Matching Data Generating Equation
In this section we provide guidelines on how to identify DGE with desired matching properties.
(a) Start with sufficient statistic S = (S 1 , S 2 , . . . , S m ). From computational point of view prefer S 1 , S 2 , . . . , S m independent of each other.
(b) Reverse engineer a smooth transformation g(S) that meets conditions of Corollary 3.2.
Denote A G := {Space of all C 1 one-one transformations from R S into R m }, where P θ0 (S ∈ R S ) = o(e −an ) for some constant a > 0. (R S is the range of S up to an exponential term that does not affect polynomial rates of convergence.) From Corollary 3.2 we define the set of transformations yielding first and second order probability matching data generating equations respectively as:
We will find the class A . The generating equation of minimal-sufficient statistics is
For A ∈ A G , the Jacobian for the transformed (
The first order class A
G is found by solving ∆ 1 (G) = 0, which is equivalent to
The second proposal in (2.5)
G hence it is first order matching by Theorem 3.1 provided we can verify its conditions.
To verify Assumption A.3 note that
Since S 1 , S 2 both converge to (1 + ρ 0 ), (1 − ρ 0 ) respectively; using smoothness of A 1 , A 2 by applying Delta method and Slutsky's theorem one can show that
Next we will consider whether our DGE is also second order matching. To verify Assumption A.4 note that for i = 0, 1 each of the four terms of
by Slutsky's theorem converges to normal with mean zero. Since S 1 is chi-square so using its exponential concentration property one can prove uniform integrability of each of those terms. So
asymptotically will converge to the mean of its weak limit which is 0. Next we compute ∆ 2 (G) in (3.3).
The last term in (3.3) is 0 since both of a 1 (ρ 0 ) = 0, a 2 (ρ 0 ) = 0. Surprisingly, a straightforward calculus exercise reveals that ∆ 2 (G) = 0 for any A ∈ A (1) G and consequently
Again for A ∈ A G , the transformed Jacobian will be
which is satisfied by our third choiceA 1 (x) = x 2 , A 2 (y) = qy 2 in (2.4).
Similar to the arguments for the bivariate normal cases one can argue that assumptions of Theorem 3.1 hold and a 1 (µ 0 ), a 0 (µ 0 ). Again some straightforward calculus reveals that for any A ∈ A
and consequently 
Small Sample Simulation
In this section we describe a result of a small scale simulation study used to evaluate a small sample performance of the various choices of the data generating. We consider two basic examples introduced in Section 2.1; the Bivariate normal N
example due to Basu [1] and N (µ, µ q ) with µ > 0 unknown and q = 1 known.
We compare the following four procedures (listed in the order they appear in the tables): simple fiducial distribution based on modeling the observed data directly (FS), first order matching Fiducial distribution (F1), Posterior based on Jeffrey's prior (BJ), and the second order matching prior (B2) [31] . All simulation results are computed from 5000 replications. Tables 1, 2 example due to Basu [1] . We select ρ ∈ (0.05, 0.25, 0.5, 0.75, 0.9) and n = 2, 3, 4, 5, 10, 100. To speed up computations we used 1 n n i=1 X i Y i instead of the MLE in the second order Bayes method. Since Tables 2, 6 and 3, 7 report the coverage and average length (respectively) of the 95% and 90% two sided equal tailed confidence interval. Finally, Tables 4, 8 report the mean absolute deviation of the point estimators (median) based on each of the distributions (FS, F1, BJ, B2).
The results exhibit mixed behavior of the methods. We observe that FS, the simple fiducial that is not first order matching, was the only method that maintained at least the stated coverage throughout the experiments. The other three methods were sometimes suffering under-coverage for the smallest sample sizes. Higher order matching fiducial gave the shortest confidence intervals for the correlation coefficient problem while the Jeffreys prior gave the shortest intervals (followed closely by the higher order fiducial) for the scaled normal. Overall, even though higher order methods are theoretically superior, it was not clear based on our simulation whether they provide any benefits for smallest sample sizes (n = 2, 3, 4, 5). More research on this topic will need to be done.
Conclusion and Open questions
The study of non-informative priors and related variants of distributional inference has a long history and perhaps the best conclusion was made by Kass,Wasserman [25] :
". . . research on priors chosen by formal rules are serious and may not be dismissed lightly: When sample sizes are small (relative the number of parameters being estimated), it is dangerous to put faith in any default solution; but when asymptotics take over, Jeffreys rules and their variants remain reasonable choices."
In this manuscript we found Generalized Fiducial Distribution for Θ which are (when they are not exact) at least first order matching and sometimes even second order matching even if Jeffreys prior is only first order matching (the bivariate normal example). We have conducted a small scale simulation study that showed acceptable performance.
Following are some other open directions left for future work.
1. Non-regular cases: When the true distribution is supported on (a(θ), b(θ)) with |a (θ)| ≤ |b (θ)| (for example U (θ, θ 2 ) for θ > 1) then the condition "{x : f (x | θ) > 0} doesn't depend on θ" of Theorem 3.1, gets violated and the expansion of the fiducial distribution will not converge to Normal distribution anymore. For U (a(θ), b(θ)) the fiducial distribution of θ on the basis of n iid observations (under assumption both a(θ) and b(θ) are increasing and continuous in θ) is
where (X (1) , X (n) ) = (min X, max X),X n = mean(X). Even in probability matching prior context under a more restrictive condition. We expect a similar result to hold in Fiducial context but with a change that should come from the terms similar to (W
2. Multi-parameter context: Proving analogue version of Theorem 3.1 in multi-parameter cases where there is only one parameter of interest and rest are nuisance is more involved. Generally the Jacobian becomes a U-Statistics. Since higher order expansion of fiducial quantile requires convergence of fluctuation of scaled Jacobian (like Assumption A.4), deriving concentration properties of U-Statistics (that the Jacobian for multi-parameter case resembles) is essential and challenging.
A Assumptions
We start by reviewing some standard notation used below. We then state the assumptions. In the next subsection we discuss how these can be verified.
We consider one dimensional parameter space Θ containing true θ 0 . Define l(θ | X i ) = log f (X i , θ) as the log-likelihood of θ given one sample point X i . Denote l (m) (θ | X 1 ) as the m-th derivative of the log
. We denote the quantity
n (θ), whereθ is the maximum likelihood estimate of θ 0 (or any solution of L n (θ) = 0). Denote √ nc(θ−θ) by y whose Fiducial expansion will be needed for asymptotic analysis. From now on φ(x) will denote the density of the Gaussian distribution function (i.e
2 ). For sake of generality from this section onwards by J n (X, θ) we denote any Jacobian that appears in the Generalized Fiducial distribution driven by the corresponding data generating equation G. For m ≥ 1, we denote
by J n (X,θ n ), J n (X,θ n ), and J (m) n (X,θ n ) respectively. We know by virtue of SLLN pointwise for each θ, m-th derivative (w.r.t θ) of the simple Jacobian J (b) The set {x : f (x|θ) > 0} is independent of the choice of θ.
(c) The data X = {X 1 , . . . , X n } are iid with probability density f (x|θ).
(d) There exists m ≥ 1, such that in a neighborhood B(θ 0 , δ) of the true value θ 0 , all possible (m + 3) ordered partial derivatives
exist. For all i = 1, . . . , m + 2; the quantities
(e) There exists a function M (x) such that 
(c) The density f satisfies the following property: There exists a constant c ∈ [0, 1)
There exists a function J(·, ·) : Θ × Θ → R with its i-th derivative with respect to second argument θ) ); such that following conditions hold. 
Namely a uniform convergence result holds over a neighborhood of true parameter value θ 0 for each i = 0, . . . , m + 1 uniformly as n → ∞.
( 
Assumption A.4. There exists m ≥ 0, for which following hold:
(a) Integrability Condition: For i = 0, . . . , m and any δ > 0, one has for all θ ∈ Θ
where the finite constant may depend on θ.
(b) For i = 0, . . . , m there exist continuous functions a i (.) such that 
A.1 Remarks
Here we state several remarks discussing the assumptions above. 
Note that any polynomial exponent of n can replace the condition"n s for some s > 0."
. . , X n are iid realizations from density f (·|θ 0 ) then both the numerator and denominator of the left hand side of (A.1) converge to −∞ with rate −C 1 log n and −C 2 n respectively. So in that case Assumption A.2(c) is strongly implied by c = 0 if 
is a strictly positive measurable function of x.
(3) There exists a δ > 0 such that,
Remark A.7. Following are some remarks on Assumption A.4:
(a) Assumption A.4(a) is stronger than Assumption A.3(c). We mentioned the latter to emphasis on the fact that it is sufficient for only first order term.
(
∂ ∂θ log J(θ 0 , θ) = 0 because of arguments similar to contiguity. In that case ∆ 1 (G) and the second term of ∆ 2 (G) are both first and second order terms for the asymptotic expansion of P θ0 θ 0 ≤ θ 1−α (π, X) where θ 1−α (π, X) is the (1 − α)th Posterior quantile based on the prior :
where θ 0 is the true parameter value.
Remark A.8 (Higher order expansions). In general we have J(θ 0 , θ) to be lim n→∞ E θ0 J n (X, θ), implying a i (θ 0 ) will be 0 for i = 0, 1. But in Theorem 3.1 we kept it general since data generating structural equation is not-unique. So conditions for the first two order terms really will not differ from the conditions in probability matching priors. We will remark about higher (third) order term and sketch the . Along with Assumptions A.1-A.4 suppose further following two assumptions hold with m = 3:
(1) For i = 0, . . . , m and any δ > 0, one has for all θ ∈ Θ
where the finite constants may depend on θ.
(2) Define the following quantities given they exist:
Then analogue to the Theorem 3.1 a third order representation holds:
Probability matching prior term with prior J(θ 0 , θ) at θ = θ 0 .
. This extra additive quantity
in the display of ∆ 3 (G) will come due to the following Taylor's expansion of T1 T2 around g1 g2 where T 1 := J n (X,θ n ), T 2 := J n (X,θ n ) and their corresponding limits
x 2 x1∈(T1,g1),x2∈(T2,g2) implying
keeping an extra order term. Note that for simple data generating equation J(θ 0 , θ) = E θ0 J n (X, θ), along with the empirical structure J n (X, θ) =
which appears as an extra in the third order term. The difference of Fiducial cases will be different from Bayesian paradigm likewise in the further order of terms, starting from 3rd order due to the presence of {W (m) n (X), m ≥ 1} and their respective higher order expansions.
B Proofs
We will proceed through a number of steps. Below we will be using notion introduced in previous section. First we prove a lemma on the expansion of the fiducial density and then we will give an asymptotic expansion of the Fiducial quantile in Corollary B.3. After that in order to get the frequentist coverage of the quantile with the obtained expression from Corollary B.3, we will proceed with Shrinkage method.
The main challenges arise from the fact that there are fiducial specific terms in the expansion of the Jacobian function J n (X, θ). In particular, for some θ ∈ (θ n ,θ n +
n (X)
In order to lessen notational burden we also denote
Under the Assumption A.1 with m = 2 one has the following expansion ( Consequence of Taylor's theorem) holds for some θ ∈ (θ n ,θ n +
n (θ n ) + 1 120
where R n (θ) := 1 6
n (θ).
Lemma B.1. Suppose Assumptions A.1,A.2,A.3 hold with m = 2. Following quantity is
Proof. We will proceed traditionally by breaking the integral in three disjoint regions. Denoting I R as the integral appeared in the left hand side of the Lemma, we have
The choice of C, δ will be specified later. The third term of (B.4) can be written as I A3 ≤ I 
Expanding I 1 A3 , one gets
Notice that from Assumption A.2(b) P θ0 almost surely n
Now by Assumption A.2 one has the exponential term to decay as e −n(1−c) in probability and that term multiplied with n will also goes to 0 in probability. Rest will follow by dominated convergence theorem. 
n (θ ) by M n . The first integral in region A 1 , can be bounded by
, where
and I(X, n, y) := J n (X,θ n + y √ nc ) − J n (X,θ n )K(θ 0 , X, y) . Note that under A 1 , the quantity
). Using the inequality
the first term of (B.5) can be written as
. So we have
) ⊂ (θ 0 − δ, θ 0 + δ) with P θ0 probability 1. We have almost surely sup y∈A1 J n (X,θ n + y √ nc ) ≤ sup θ ∈(θ0−δ,θ0+δ) J n (X, θ ). From Assumption A.3 one has almost surely
Now using Wald's theorem one has sup θ ∈(θ0−δ,θ0+δ) |J n (X, θ ) − J(θ 0 , θ )| → a.s 0, resulting the following statement almost surely
which is o p θ 0 (1). It follows that the second term of I A1
Again similarly using almost sure convergence of the event (θ n ,θ n +
Next consider the integral I A2 , that can bounded above by I A2 ≤ I 
2 +Rn+Mn dy,
Consider the term I 2 A2 . Note that under A 2 for n ≥ e 4 , (log √ n) 2 > log n and also using the fact
is O P θ 0 (1). So the upper bound of the second integral I 2 A2 is bounded by
2 ) (B.6) which goes to 0 in probability if we choose C > √ 7. This result is due to convergence of J n (X,θ n ), J n (X,θ n ) respectively to J(θ 0 , θ 0 ), J (θ 0 , θ 0 ) which is validated from Assumption A.3. Now considering the first term of the integral (B.6) we have
and since under A 2 the quantities sup θ ∈(θn,θn+
are O p (1), given a small > 0 one can always choose a δ so that we can get
So with probability greater than 1 − ) ≤ sup θ∈(θ0−δ,θ0+δ) J(θ 0 , θ) asymptotically almost surely. The integral will converge to 0 as n → ∞ by choosing a bigger C. Choice of δ will be specified by (B.7) given a small > 0. Now it's obvious to conclude from Lemma B.1 that for any A ∈ B(R)
(B.9) follows from the fact that all higher order terms will accumulate in o p θ 0 ( 1 n ). For an illustration taking just one cross-product term of second term of R n (θ n ) and 
n (θ n )1 {|y|≤log n} + 1 24 )−Ln(θn)] dy, one has the asymptotic expansion of the fiducial density (upto second order in terms of expansion with respect to
where φ(.) is the density function of the normal distribution. From (B.9) we get (B.11) using the power series expansion
given |x| < 1 on first two ordered terms.
Remark B.2. The conclusion (B.11) will remain unchanged if W (1) n (X) is replaced by a random variable W (1) n (X) that is σ(X) measurable with the property
for some c > 0.
It is because the quantity W
(1)
n (X) multiplied with any polynomial ordered term of n will remain O P θ 0 (e −cn ) since it doesn't hamper in any specific polynomial order terms.
Recall the classical orthogonal Hermite polynomials {H n (x)} n≥1 which is defined as
First few Hermite polynomials are
Following properties hold where φ(x) is the density of normal distribution: For all a ∈ R, Expressing (B.11) with each coefficient in terms of Hermite polynomials we get,
Define further
This following illustration is similar with Theorem 2.3.1 of [9] which gives an asymptotic expansion of (1 − α)-th fiducial quantile. 
Proof. The concerned quantity
Using the properties of Hermite polynomials on (B.12) one easily gets
Using Taylor's expansions of Φ(x), φ(x) and accumulating the higher order terms into o p (n −1 ), the RHS of (B.15) is simplified to
where (B.16) follows from the definitions of β 1 and β 2 . Corollary B.3 follows from that.
Higher order asymptotics in context of Probability matching prior is an old topic and well documented in [9] . The idea of Shrinkage method was essentially originated from [7] in context of establishing higher order asymptotics of Bertlett test statistics. In general it is used to find an expansion of E θ0 [g(X, θ)] for any function g(X, θ) (in our case g(X, θ) := 1 {θ≤θ (1−α) (X,G)} ). Some relevant works on probability matching data dependent prior were done in [30, 31] but data dependence is either coming from moments or the maximum likelihood estimator. In comparison to that here the term W
n (X) is much like a ratio estimator where its higher order expansion is interestingly critical for the terms after first order which makes the following calculation relevant. In order to implement Shrinkage method one formulates an auxiliary prior π with properties that it is proper, supported on a compact set, having true θ 0 in its interior. It vanishes on the boundary of the support while taking strictly positive values in the interior. It also satisfies all the conditions B m (m = 1, 2) in [7] ensuring smoothness ofπ ,and logπ and and its derivatives near the boundary of the support. Basic steps of Shrinkage method (for upto second order) are following:
(a) Step 1: Start with an auxiliary priorπ with a compact support ⊆ H containing θ 0 as an interior point. We will find the expansion of Eπ(g(X, θ)|X)
Step 2: Under the assumption that the X = (X 1 , X 2 , X 3 . . . , X n ) generated from F (· | θ) we compute :
Step 3: Compute λ(θ)π(dθ) whenπ ; δ θ0 (.). The final quantity after taking the weak limit leads to the required expansion of
Proposition B.4. Note if one observes T (X) := Eπ(g(X, θ) | X) for an integrable function T (X) (with respect to P θ for θ ∈ (θ 0 − δ, θ 0 + δ) for some δ > 0) after Step 1 of Shrinkage method, Step 2 and Step 3 virtually compute E θ0 T (X). Since λ(θ) = E θ T (X), through Dominated Convergence Theorem and a consequence of the weak limit gives
A good illustration on how Shrinkage method works is given at Chapter 1 of [9] .
The conditions B m in [7] ensures the existence of a set S which contains data X with probability P θ , (1 − o p (n −1 )) for θ ∈ a compact set K. For ensuring second order term we need to just assume B 2 for the auxiliary priorπ(·) containing true θ 0 in interior. All the following calculation of the Shrinkage method is a consequence of those assumptions in B 2 . We will complete the proof of Theorem 3.1 by translating the Shrinkage method to the GFI framework.
Proof. (A)
Step 1: We will construct a priorπ with aforementioned smoothness properties and with a compact support with θ 0 being an interior point. Now define the following quantities
By proceeding similarly like Lemma B.1 or from [20] , one gets a similar posterior expansion of
Using the above expression of "auxiliary" posterior density of y = √ nc(θ −θ n ),
Using the expansion one can write Pπ θ ≤ θ (1−α) (X, G) X as P θ ≤θ + (nc)
Working similarly like (B.15-B.16) we have Pπ θ ≤ θ
condition B m satisfied byπ for m = 2 in [7] . From (B.18)
where M θ := El (3) (θ|X). By Assumption a i (·) is a continuous function, so in a compact domain(π) containing θ 0 it will always exist. It is a consequence of the Corollary B.4 but we need to show the integrability of E θ a 1 n (X, θ) in θ ∈ domain(π). In the following we will give an expansion of E θ a 1 n (X, θ) in terms of a i (θ 0 ), J(θ 0 , θ), J (θ 0 , θ). Now by Assumption A.2-A. 4 we have a i (·) continuous function in Θ = R. Since also J(·, θ) won't vanish is θ ∈ (θ 0 − δ, θ + δ) one can always find a compact neighborhood of θ 0 where the quantity n → ∞ E θ a 1 n (X, θ) will remain bounded. We will take that compact neighborhood as the domain(π). Now we will prove the higher order expansion of the quantity E θ a 1 n (X, θ) . Note that by Taylor's expansion on the function f (x, y) = x y at the point (T 1 , T 2 ) around (g 1 , g 2 ), we have for some (g *
. Last statement is a consequence of Slutsky's theorem and the Assumption A.4. Note that
are O P θ 0 (1) which follows from the fact g * 1
, and then using continuity theorem one has
, will follow if we provide an additional detail on the expected residual term:
for all θ ∈ domain(π). Note that
Second term after scaling with √ n, along with the Lipschitz property of J(θ, ·) from Assumption A.4(c)
will give finiteness of the quantity nE θ (J(θ,θ n ) − J(θ, θ) 
2 < ∞ will follow similarly. Note that these results imply that the set {(T 1 , T 2 ) :
Since g 2 is away from 0, fixing ∈ (0, g 2 ) we can work with g * 1 g * 3
2
. , 1 g * 2 in the expansion of a 1 n (X, θ) in (B.18) for θ = θ 0 , since the residual term (that is non zero with probability o P θ 0 ( 22) will follow by breaking and analyzing each of the two terms.
Using these along with nE
(C) Step 3: The last step comes from computing λ(θ)π(dθ) whenπ(θ) → δ θ0 (θ). Note that if α(θ) :=
From properties of distribution theory one has ifπ(θ) → δ θ0 (θ), then
where for the second result f is an m-times differentiable at a neighborhood of θ = θ 0 . Note that a (2) (θ 0 ) = 0. So after taking the weak limit of λ(θ)π(θ) asπ(θ) → δ θ0 (θ), one has
where Table 2 : Two sided coverage of (1 − α)th quantile for correlation coefficient ρ in Bivariate Normal: 
